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Abstract 

Let X be a smooth projective geometrically irreducible variety over 
a perfect field k and D an effective divisor on X. We consider a 
relative Chow group CHo(X, D) of modulus D (defined in a geometric 
way) and describe the kernel of the Abel-Jacobi map with modulus 
C}io{X,D)^ — > Albx,D(^) to the Albanese variety of X of modulus 
D. If A; is a finite field and the Neron-Severi group of X is torsion- free, 
the Abel-Jacobi map with modulus is an isomorphism. We obtain a 
Reciprocity Law and Existence Theorem for abelian coverings of X 
with ramification bounded by D. 
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Introduction 



Let X be a smooth projective geometrically irreducible variety over a finite 
field k = ¥q, assume that the Neron-Severi group of X is torsion-free. The 
aim of this paper is to describe abelian coverings of X whose ramification 
is bounded by an effective divisor D. The main result is a Reciprocity Law 
and Existence Theorem (Theorem 13.11 and Corollary 13. 3p in terms of the 
relative Chow group CHo(X, Z))° with modulus from [Ru2( Def. 3.28]. Main 
ingredient is "Roitman's Theorem with modulus over a finite field" (Theorem 
I2.16p . which in particular yields the finiteness of CHo(X, D)^ (Corollary l2.20p . 

This is a purely geometric approach to ramified higher dimensional class 
field theory, basing on Lang's class field theory of function fields of varieties 
over a finite field. A Milnor K-theoretic description of global class field the- 
ory of arithmetic schemes is given by the work of Kato-Saito [KS3J. A more 
geometric approach to unramified and tamely ramified higher dimensional 
class field theory due to Wiesend can be found in |KeS) and |Ker] . A def- 
inition of abelian fundamental groups with modulus that is closely related 
to CB.o{X,D) together with a finiteness result appears in [Hirj. The finite- 
ness of CHo(X, is deduced in [EKj as a consequence of a more general 
finiteness theorem due to Deligne. 

0.1 Results and Leitfaden 

Section [Tt Prerequisites. Let X be a smooth projective variety over a 
perfect field k, D an effective divisor on X (with multiplicity). We recall some 
basic notions and properties that will be used in this paper: the modulus 
of a rational map into a commutative algebraic group mod{ip) (Definition 
II. ip . the relative Chow group with modulus CHo(X, D) (Definition 11.30 . the 
functoriality (Proposition 11.60 and the universal quotient (Proposition I1.17P 
of CB.o{X,D), the Albanese variety with modulus AVox,d (Definition 11.121 
and Theorem II. 14p . as well as the relations between these notions (Theorem 
II. isl and Corollarv I1.19P : Alhx,D is identified with the universal quotient of 
CHo(X,L))° (= the degree part of CHo(X,D)). 

Section [2j Abel-Jacobi map with modulus, which is the quotient map 
aj;,,^ : CHo(X,D)° — ^ AlbxA^)- 

We construct a pairing between the affine part of the relative Chow group 
with modulus ACHo(X, D) := ker ( CHo(X, D) — > CHo(X)) and the Cartier 
dual J^x^D^ of affine part Lx,d of Albx,D (Proposition 12. 6p . This allows 
us to determine the kernel of the affine part aj^*^^ : ACHo(X, D) — » Lx,d(^) 
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of the Abel-Jacobi map with modulus (Proposition 12 .ri]) . Suppose the base 
field of X is a finite field k = ¥g and the Neron-Severi group of X is torsion- 
free. Then the Abel-Jacobi map with modulus aix d is an isomorphism 
(Theorem I2.16p . In particular, this implies that CHo(X, D)'' is finite under 
these assumptions (Corollary 12. 20 p . This approach is independent from |EK) . 

Section [3t Reciprocity Law and Existence Theorem. Assume A; = is 
a finite field, k an algebraic closure of k and X satisfies the assumptions of 
Theorem 12. 161 from above. Let ip : Y X be an abelian covering of smooth 
projective geometrically connected varieties over k. If Y X is unramified 
outside a closed proper subset S of X, there is an effective divisor D on X 
with support in S such that we obtain a reciprocity law 

^,CHo(r,Z^y)o Alb^Alby,z,,(A;) 1^1^^ 

(Theorem 13. ip . 

In particular, if X^ X denotes the pull-back of the "g-power Frobe- 
nius morphism minus identity" p = Fg — id : Albx.z? — > Albx,D, we have 
canonical isomorphisms 

CHo(X,D)° = MhxAk) = Gal(Kx,|Kx) 
(Existence Theorem, Corollary 13. 3p . 

Taking the limit over all effective divisors D on X we obtain 

Z^i(Xyo := JimCHo(X,D)° = Jim Albx,D(A;) = Gal {K^^ \Kxk) 

D D 

where Gal (K^ | Kx k^ is the geometric Galois group of the maximal abelian 
extension of the function field Kx of X (Corollary 13. 4p . 
Taking the limit over all effective divisors D with support in a given closed 
subset of X of pure codimension 1 we obtain 

Zj(Xp'° := 1^ CHo(X,D)° = 1^ AlhxAk) = 7rf (X \ 5)° 

D D 

\D\CS \D\CS 

where 7r^^(X\S')° is the abelian geometric fundamental group oi X\S, which 
classifies abelian etale covers of X \ 5* that do not arise from extending the 
base field (Corollary 13. 5p . 

Acknowledgement. I am much indebted to Kazuya Kato for our joint 
work regarding the modulus |KR] . which is fundamental for this work, Kay 
Riilling for numerous questions, comments and hints on this manuscript, 
Helene Esnault for discussions and advices and Marc Levine for help regard- 
ing moving lemmata. Moreover, I am very thankful to Moritz Kerz and 
Toshiro Hiranouchi for helpful discussions. 
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1 Prerequisites 



In this section I recall some notions from |KR] and |Ru2) and show some 
basic properties that we will need later. I use the notations and conventions 
from |Ru2| . In particular, by formal group resp. affine group resp. algebraic 
group I always mean a commutative formal resp. affine resp. algebraic group. 

1.1 Modulus of a Rational Map to an Algebraic Group 

Let X be a smooth proper variety over a perfect field k. 

Definition 1.1. Let Lp : X --■> Gbea rational map from X to a smooth 
connected algebraic group G. Let L be the affine part of G and U the 
unipotent part of L. The modulus of (p from |KRt § 3] is the effective divisor 

mod ((/?) = m.o(lq{ip) Dq 

ht(g)=l 

where q ranges over all points of codimension 1 in X, and Dq is the prime 
divisor associated to g, and m.o(\q{(p) is defined as follows. 

First assume k is algebraically closed. For each g G X of codimen- 
sion 1, the canonical map L{fCx,q) lL{Ox,q) — G {fCx,q) /G{Ox,q) is bi- 
jective, see |KRt No. 3.2]. Take an element Iq G L {)Cx,q) whose image in 
G {K.x,q) /G {Ox,q) coincides with the class of ip E G {lCx,q)- If char(A;) = 0, 
let {uq^i)i<i<s be the image of Iq in 'Gss,{)Cx,qY under L ^ U = {Gi^Y- If 
char(/c) = p > 0, let ('Ug,i)i<i<s be the image of Iq in Wr{}Cx,qY under 
L^U C (WrY. 

modq{ip) = 



if ^eG{Ox,q) 

1 + max {nq{uq^i) \ I < i < s} if ^ ^ G {Ox,q) 



where for u G Ga(/Cx,g) resp. Wr(/Cx,g) 



(u) if char(A;) = 



n<,lMj <; niin {n G N I M G fil^W,(/Cx,g)} if char(A;) = p > 0. 

Here filJ^W^(/Cx,g) is the filtration of the Witt group from [KRl No. 2.2]. 
The multiplicity modq{(p) is independent of the choice of the isomorphism 
U ^ {G^Y resp. of the embedding U C (W^)', see [KRl Thm. 3.3]. 

For arbitrary perfect base field k we obtain mod (ip) by means of a Galois 
descent from mod (</9 ®fc A;) , where k is an algebraic closure of k, see |KRt 
No. 3.4]. 
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1.2 Relative Chow Group with Modulus 

Let X be a smooth projective variety over a perfect field k, let D be an ef- 
fective divisor on X. By a curve we mean a 1-dimensional separated reduced 
scheme of finite type, not necessarily smooth or irreducible. 

Notation 1.2. If C is a curve in X, then u : C — > C denotes its normal- 
ization, ICc is the total quotient ring of C. For / G /Cc, we write / := v* f 
for the image of / in /Cg. We write : C ^ C G X for the composition of 
the normalization of C with the embedding of C into X. If : X --^ G* is a 
rational map, we write y^lg := o tg; for the composition of and ip. 

If y is a smooth variety and : Y — y X is a morphism whose image 
ipiy) intersects a Cartier divisor D properly, then D ■ Y denotes the pull- 
back of D to Y . The reduced part of a divisor D is denoted by -Drcd- Then 
we denote 

Dy := {D-D,,d)-Y + {D-Y\^^. 
Definition 1.3. Let Zq {X \ D) be the group of 0-cycles on X \ D, set 

C a curve in X intersecting D properly 



7^o(x,D)= (c,/) 



f elC*c s.t. / = 1 mod Dq 



and let Ro(X, i5) be the subgroup of Zo(X \ D) generated by the elements 
div(/)c with {C,f) G TZo{X,D). Then the relative Chow group of X of 
modulus D from |Ru2t Def. 3.28] is defined as 

CHo(X,Z.) 



Ro(X,D) ■ 

CIIo(X, is the subgroup of CHo(X, of cycles ( with degClvK = for 
all irreducible components W of X \D. 

Remark 1.4. Note that for D = the relative Chow group with modulus 
becomes the usual Chow group: 

CHo(X,0) = CHo(X). 

Remark 1.5. If we denote 



7^o(x,oD)= (c,/) 



C a curve in X intersecting D properly 

/G/C^ s.t. feO*c^^ ypeCnD 

then by Bloch's so called "easy" moving lemma |Blol Prop. 2.3.1] it holds 

Zo(X\D) 



CHo(X) = CHo(X,OD) 



Ro(X,OZ})- 
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Proposition 1.6. The relative Chow group with modulus C}Iq{X,D) is a 
covariant functor in X and a contravariant functor in D. More precisely: 
If ip : Y — > X is a morphism of smooth projective varieties, then for any 
effective divisor E > Dy on Y there is an induced homomorphism of groups 

V^, :CHo(F,^)^CHo(X,D). 

Proof. The contravariant functoriality of CB.q{X,D) in D is clear since 
obviously Zo(X \ E) C Zo(X \ D) and Rq (X, E) C Rq (X, D) for E > D. 

Let i(j : Y — y X is a morphism of smooth projective varieties and E > 
Dy an effective divisor on Y. In view of the above we are reduced to the 
case E = Dy. For C G Y one sees that (Dy)^ = Dq. For / G /C^ we have 
V^,div(/)c = if dimC > dim7/;(C), and V'*cliv(/)c = div ( N(/))^(^^ if 
dimC = dim?/'(C), where N(/) G ^^(c) ^^e norm of / (see |FuH Chap. 1, 
Prop. 1.4]). One checks that / = 1 mod Dq implies N(/) = 1 mod D^^j^^ 

(of. [Se2l III, No. 2, proof of Prop. 4]). Thus the push-forward of cycles 
If)^ : Zq{Y\Dy) — > Zq{X\D), as it maps Y^iY.Dy) — > Ro(X,L)), induces 
the homomorphism CHo(F, Dy) — > CHo(X, D). ■ 

Definition 1.7. Define ACIIo(X, D) to be the kernel of the homomorphism 
CHo(X,D) ^CHo(X). 

ACHo(X,D) = ker (^CHo(X,D) — > CHo(X)) 

= ker (^CHo(X,Z})° CHo(X)°) 
= Ro(X,OD)/Ro(X,D). 

Due to Remark 11.51 the map CIIo(X, — > CHo(X) is surjective. We have 
thus exact sequences 

ACHo(X, D) — > CHo(X, D) CHo(X) — > 

and 

^ ACHo(X, D) CHo(X, Df CHo(X)° ^ 0. 

Proposition 1.8. Let k he an algebraically closed field or a finite field. Let 
X he a smooth projective variety over k. Let D and E be effective divisors 
on X. We have the following presentations of C}io{X,D) and ACHo(X, D) 
as inductive limits: 

CHo(X) 
CHo(X,D) 
ACHo(X,D) 
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lii^ CHo(C) 

c 

limtQ^ CMC,Dq) 

c 

lii^.g^ACHo(C,Dg) 
c 



where C ranges over all curves in X that meet S := Supp(D + E) properly 
(and we use Notation \1.2\] . This forms a directed system with transition maps 
given by inclusion: for two curves Ci and C2 the curve Z = Ci U C2 in X 
satisfies Ci C Z , C2 C Z . 

Proof. For all 0-cycles z,t on X there is a smooth hypersurface H 
containing z and avoiding t. This is obvious for k algebraically closed. For k 
finite see |Gabi Cor. 1.6]. If t contains a point of every irreducible component 
of 5", then this implies that H meets S properly. By induction we find for 
every z G Zo(X \ D) a smooth curve C containing z and intersecting S 
properly. This implies the statement for CHo(X, D), and it shows that the 
canonical map lii^ CHo(C) — > CHo(X) = Zo(X)/Ro(X) is surjective. By 
Remark Ol it holds moreover CHo(X) = Zo{X \ D + E)/ Ro{X,0{D + E)). 
Thus the relations of CHo(X) are generated by curves that intersect S = 
Supp(D + E) properly, hence this canonical map is injective as well. This 
yields the statement for CHo(X). 

Suppose K, G ACHo(X, D), let z G Zo(X \ D) he a. representative of k. 
Since CB.q{X) = liu^ CHo(C) as above, there is a curve C in X, meeting D 
properly, with irreducible components Ci such that z = ^div(/j) G Zo(C) 
for certain fi G Kc,, i.e. = [z]c G CHo(C) and J) = [iy*z]Q G CHo(C^) 
(Not. OD- Then k = icS^*Ac,DQ ^ ^c* ^er ( CHo(C7, Dg) — > CHo(C')) = 

ACHo(C', D^). This shows the statement for ACHo(X, D). ■ 

Lemma 1.9. (a) The functoriality map GY{q{X,E) — v CHo(X, 
is surjective for E > D. 

(h) The map CHo(X, D + E) ^ CHo(X, D) Xcho(x) CHo(X, E) 

is surjective if the divisors D and E are coprime, i. e. do not have any common 
prime divisors. 

(c) CHo(X, sup{D, E}) CHo(X, D) XcHo(x,inf{D,i^}) CHo(X, E) 
is surjective, where inf is the largest divisor < D,E and sup{D, E} 

is the smallest divisor > D,E. 

Proof. Due to the decomposition of CHo(X, ?) as extension of CHo(X) 
by ACHo(X, ?) and the Five Lemma, the assertions follow from the corre- 
sponding statements for ACHo(X, ?) instead of CHo(X, ?). 

By Proposition IL8I and the exactness of the inductive limit, we can reduce 
to the case that X is a smooth curve C: 

The map l^^CHq^C , Eg) — > CHo(C, Dg) is surjective if the map 
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CHo(C, Eq) — > CHo(C', Dq) is, since we have a commutative square 

CRoiC,EQ) -CHo(C,L>5) 

■ ' ' ■ 

CHo(X, E) ^CRo{X,D), 

and corresponding statements hold for (b) and (c). 

By the Approximation Lemma it holds for each irreducible component C 
of a smooth curve 



* ^ I \qe\D\ U + ^C,q) \ + ^C,q ^ 



I*. 



where I := H°(C, Oc")- Then the statements of (a), (b), (c) become obvious, 
where (a) is the case E = > SqG|D|^9^ ~ (^) '^^^ 

\E\n\D\ = 0, and in (c) we have mi{D,E} = '^^^^j^^^^^^mm{ng,mq} q and 
sup{D, E} = Y.qe\D\u\E\ maxfrig, m J q. ■ 

Definition 1.10. We denote by X" the set of points of codimension n in X 
for n e N. Let d = dimX. We define 

Ccx xexd 
U U 



u 



d-1 



Ci(X,D)=0 fl (l+mj;)^ Z = Zo(X\D) 
gc^9ei3-c ' xe{x\Dy 

where C ranges over irreducible curves, for Ci{X,OD) and Ci{X,D) those 
which intersect D properly, and dx~^ is the boundary map, i.e. 

9x~\C, /) = div(/)c for C c X a curve and / e k{Cy, 

where (C, /) denotes the element in Ci{X) associated with C and /, 
and dx~o\) resp. dx~D the induced maps on subgroups. 
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We set resp. have by Definition 11.31 and Remark 11.51 

Ni(X) = ker {dt'), MX) = im {d^-'), 

Ni(X,OD) =ker(9^-y, Ro(X, OD) = im (9^"^ , 

Ni(X, D) = ker {d^;j^) , Ro(X, D) = im {d^;^^) . 

Lemma 1.11. Assume the base field k is finite. The affine part ACHo(X, D) 
of the relative Chow group with modulus is compatible with the action of the 
absolute Galois group Gal(A;|A;).' 

ACHo(X,Z}) = ACHo(X,:D)^^i(^I'^) 

where k is an algebraic closure of k, X = X ®k k, D = D ®k k. 
Proof. Step 1: We have 

ACHo(X,D) = ker(CHo(X,D) — ^ CHo(X)) 

""^[MX^D] ~^ MX,OD) 
^ Ro(X,OD) 

Ro{X,D) 
_ Ci(X, OD)/Ni{X,OD) 

~ ~c^{x;DjjMx;Dy 

Ci{X,OD) 



Ci{X,D) + N^{X,ODy 

Step 2: Let l\k be a finite field extension, G = Gal(/|A;). In order to 
show that ACB.o{X,D) = AC}Iq{Xi, Di)^ , due to Step 1 it comes down to 
showing that the natural map 

Ci(X,OD) ^ / Ci(X;,OA) 



Ci(X, D) + Ni(X, OD) \C,iXi, Di) + Ni(X,, OA 

is an isomorphism. If k = ¥g is finite of order g, G is cyclic, generated by the 
g-power Frobenius, which acts on Ci(X) by raising coefficients in I to the q^^ 
power. Then the assertion is a straightforward computation. 
Step 3 : As ACHq (X^, D^) = lim ACHq (X; , ) , 

l\k 

where the limit ranges over all finite extensions l\k, it holds 

ACHo(X^, = hi^ ACHo(Xi, A)GaiaiA;) = ACHo(X, D). m 
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1.3 Albanese Variety with Modulus 

Let X be a smooth proper variety over a perfect field k, let D be an effective 
divisor on X. In the context of generalized Albanese varieties we can reduce, 
by means of a Galois descent, to the situation of an algebraically closed base 
field k, which we will assume in the following. 

Definition 1.12. The category Mr{X,D) from [Rii2l Def. 3.12] is the cat- 
egory of those rational maps (f from X to smooth connected commutative 
algebraic groups such that mod < D. The universal object of Mr{X,D) 
(if it exists) is denoted by AVox.d, called the Albanese of X of modulus D. 

Definition 1.13. Tx,d = {^x,d)^^ x {J^x^d);^^ from [RuS", Def. 3.13] is the 
formal subgroup of the sheaf of relative Cartier divisors Div y defined by the 
conditions 

{J'x,d),, = {Be Div^(A:) I Supp(5) C Supp(Z})} 
and if char(A;) = 

(^x,D)i,f = exp (Ca ®fc r(X, Ox {D - Aed) /Ox)) 

where exp is the exponential map and Ga is the completion of Ga at 0, 
if char(A;) = p > 

{:Fx,d\^, = Exp ( 5^,W ®w(.) r(x,fii^_^^^^w,(/Cx) /w,(Ox)) J 

\r>0 / 

where Exp denotes the Artin-Hasse exponential, ^.W is the kernel of the r^^ 
power of the Frobenius on the completion W of the Witt group W at and 
fil^Wr(/Cx) is the filtration of the sheaf of Witt groups from [Ru2l Def. 3.2]. 
•^x^D^ ~ •^x,D X Pic y PiC y'^'^'^ is the part of J^x,d that is mapped to the Picard 
variety Pic^'^'^*^ under the class map Div y — > Pic y . 

Theorem 1.14. The Albanese Alb^^^ of X of modulus D exists and is dual 
(in the sense of 1-motives) to the 1-motive [J^xd*^ — ^ Pic^'^'^*^] . 

Proof. See [Ru2l Thm. 3.19]. ■ 

Definition 1.15. Let Mr^^(X, be the category of morphisms 

if : X\D — 7- G whose associated map on 0-cycles of degree 

Zo{X\Df ^ G{k) 
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factors through a homomorphism of groups CHo(X, D)^ — y G{k). 

We refer to the objects of Mr'"^(X, D) as rational maps from X to algebraic 

groups /actorm^ through CHo(X,L))°. (Cf. |R;i2l Def. 3.29].) 

The universal object of Mr'^^{X,D) (if it exists) is denoted by Alb^^ and 

called the universal quotient o/ CHo(X, D)^. 

Definition 1.16. Let -Fxd be the formal subgroup of Div y defined as fol- 
lows: 

c 

where C ranges over all curves in X that intersect D properly, Div ^ ^ is the 
subfunctor of Div y consisting of those relative Cartier divisors on X whose 
support (see |Ru2[ Def. 2.2]) meets C properly and ? ■ C : Div ^ g — )■ Div g 

is the pull-back of relative Cartier divisors from X to C. 

Proposition 1.17. The universal quotient AVo'^jj o/CHo(X, D)°, if it exists 
(as an algebraic group), is dual (in the sense of 1-motives) to the 1-motive 

Proof. It is sufficient to show that the category Mr'"^(X, D) is equal to 
the category Mtjt^h of those rational maps that induce a transformation to 

J^xId (^^^ |Ru2[ Thm. 2.12 and Rmk. 2.14]). For this aim we show that for 
a morphism (p : X \ D — t- G the following conditions are equivalent: 
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(ii 
[iii 

(iv 

(v 
(vi 



ip{dw{f)c)=0 \/{CJ)eno{X,D), 

ivlcJ), = V(C,/) e no{X,D), Vg G Supp(Z}g), 
mod (v^lg) < -0(5 intersecting D properly, 

(r<^lg) C J^QD^ VC intersecting D properly. 



im 



im(r(p) ■ C C J^c D~ ^ ^ intersecting D properly. 



im(r^) C J'^}). 



(i) ^(ii) see IBia III, § 1], 

(ii) ^^(iii) see [KRl No. 6.1-3], 

(iii) ^^(iv) is [Ru2l Lem. 3.17], 

(iv) <^=^(v) is evident, 

(v) <^=^(vi) by Definition 11.161 

■ 

Theorem 1.18. The category Mr(X, D) of rational maps of modulus < 
D is equal to the category Mr^^(X, D) of rational maps factoring through 
CHo(X,D)0. Thus it holds Albx,D = Alb^^? ^^^d = J^xj)- 

Proof. See [Ru2| Thm. 3.30]. ■ 
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Corollary 1.19. The group of k -rational points of the Albanese variety with 
modulus AIbj!s:,D(^) is a quotient of the degree part of the Chow group with 
modulus CHo(X, which is compatible with the universal map alhx,D of 
Mr{X, D), for any perfect base field k. 

Proof. The universal map alhx,D '■ X — ^ Albx,D of Mr(X, D) factors 
through CHo(X, D) by |Ru2t Lem. 3.31, (i) =^ {ii)] (for this direction we 
did not use the assumption that k is algebraically closed). More precisely, 
the induced map on Zo(X \ Df factors as Zo(X \ Df — > CHo(X, Df — > 
CHo(X,^)° — > PAhx^oik). The image of any z e Zo(X \ Df, as a point of 
Albx,D(^); is geometrically irreducible, and defined over k, hence an element 
of Albx,_D(^)- Now Albx,D, as the universal object of Mr(X, D), is generated 
by X, hence Zq{X \ D)^ — y Albx,D(^) is surjective (cf the first paragraph 
of [Selj ). Thus there is an epimorphism CHo(X, D)^ — » Albx,D(^)- ■ 

2 Abel-Jacobi Map with Modulus 

Let X be a smooth proper variety over a perfect field k and D an effective 
divisor on X. In this section we study the quotient map from Cor. 11.191 

aj^,^ : CHo(X,D)" ^ AlbxA^), 

called Abel-Jacobi map of X of modulus D. The goal is to show that sl^xd 
is an isomorphism when is a finite field and the Neron-Severi group of X 
is torsion- free (Theorem I2.16p . 

2.1 Duality 

In this No. we assume that the base field k is algebraically closed. 

Point 2.1. Let C be a smooth proper irreducible curve over k. Let D = 
SgGs'^g •? effective divisor on C, where S" is a finite set of closed points 

on C and Ug are integers > 1 for q & S. The Albanese with modulus Alb^ ^ 
of C of modulus D coincides with the Jacobian with modulus Ja.cc,D of 
Rosenlicht-Serre (see |Ru2[ Thm. 3.26]), which is an extension 

— > ^c,D — > Jacc,D — > Jacc — > 

of the classical Jacobian Jacc = Picc of C, an abelian variety, by an affine 
algebraic group Lc,d (see |Se2t V, § 3]). Taking fc- valued points, this exact 
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sequence becomes the short exact sequence from Definition 11.71 
Jaccik) = CHo(C)°, 



LcAk) = ACHo(C,D) 



where ntg denotes the maximal ideal at g G C (see |Se2| I, No. 1]). Our 
duality construction of Albc,D (Theorem ll.Mp yields that Jacc,D is dual to 
[•^c'd'^ — ^ Picc'^'"^]) ™^ particular \jc,d is Cartier dual to J^c^^'^- 

Definition 2.2. Let J-" be a formal group and A be an abstract abelian 
group. A pairing 

F A — y Gm 

is a collection of bi-homomorphisms J^{R) x A — y Gm(-R)- Such a pairing 
is called perfect, if it induces an isomorphism A = Hom^5/^;(J-', Gm)- 

If J-" is dual to an affine group-variety and A = L{k) is the group of k- 
valued points of an affine group-variety L over an algebraically closed field 
k, the condition above is equivalent to saying that the pairing induces an 
isomorphism of sheaves J-" = Hom^ ^^/^fL, Gm), according to Cartier duality 
(see e.g. |Ru2t Thm. 1.13]) and the fact that varieties over an algebraically 
closed base field k are determined by its /c-valued points. 

Proposition 2.3. In the curve case, the Cartier duality J^c^^'^ ~ d ^■^ 
expressed by the perfect pairing 



F^^X X ACHo(C,Z}) 

^^'[div(/)])_=n(^'A 



induced by the local symbols (?, ?)g : Div r^ x O}^ ^ — > Gm at q E S, in the 
sense of fRu3[ Prop. 2.6]. (For T> G Divr ^(.R), R a finite ring, one chooses a 
local section of V in a neighbourhood of q in C, this defines a rational map 
(jp : C --^ Gni {1 ® R) which can be inserted into the local symbol. Here the 
local symbol (0-^, f )q is independent of the choice of the local section ofD, if 
f G JCq is regular at q.) 

Proof. Due to |Ru3t 4.3] the local symbol induces a monomorphism of 
formal groups 



^S^'^" ^ 0Hom^.A =Hom 



■Jib/k 



q€S 
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where Div^ '°''^^'^ denotes the subfunctor of Div^'^'"^ of relative Cartier divisors 
with support in S. By construction of (Definition I1.13P one sees, 

according to |KRi § 6, Prop. 6.4 (3)] or by the equivalence of conditions (ii) 
and (iv) in the proof of Proposition I1.17[ that T^^^^ annihilator in 

p-^5,o,red ^* ^ -Q^^^ + iTx^'?) ^jth respect to the local symbol: 

J-^V = Ann(Ro(C,Z})). 
Thus the local symbol induces a monomorphism 

the image of which is again a formal group that is isomorphic to the Cartier 
dual of L(7,_D, which shows that this map is an isomorphism. ■ 

Now we are looking at curves C in X which are not necessarily smooth 
or irreducible. 

Proposition 2.4. Let C he a curve in X which intersects D properly. In 
the following diagram, the upper row is a well-defined pairing (induced by the 
pairing of the lower row from Proposition \2.3\) : 

-0,red 



Proof. The lower row is a perfect pairing by Proposition 12.31 This re- 
duces the proof to showing that t(ij*J^x^£)'^ ^^^^ annihilator of ker '■ 



^c*J^x!d C Ann(^ker(ACHo(C,Dg) ^ ACHo(X,D))^ 
By Theorem II. 18^ Definition 11.161 and Proposition 12.31 we have 

X-O.red _ r\f.*\ 



Z 

-1 



^ -0,red 



nG/L°/-)" Ann(Ro(Z,D^)). 
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and by definition of ACHo(X, D) 

z 

Tlien for V G -^xd'^ div(/)^ G t^^ ^o{Z, D^) we obtain by Lemma [2.51 
(V ■ C, div(/)z -C)^ =(V-Z, dwif)z -Z)^ =1 

\ / C,Dq \ ' Z,D2 

since T) ■ Z E Ann (Ro(Z,-D^)) and div(/)2 ■ Z G Ro(2',D^). This shows 
.g*J-^';^^cAnn(ker(.gJ). . 

Lemma 2.5. Let V G J^x,d{R), where R is a finite ring. Suppose the two 
pairs iCJ),iZ,g) G 7^o(X,'oD) sate/y [div(/)c] = [divig)z] G ACHo(X,D). 
T/^en (l)-C,div(/)>g_^_^ = (P-Z,div(5^)>^_^^. 

Proof. If [div(/)c;] = [div(^)2] G ACHo(X,L)), then there are /' G 
/C^, G /C| with [div(/')c] = [div(/)c] resp. [div((7')z] = [div((7)^] such 
that div(/')(7 = div((yf')^ G Zo(X). Therefore we may assume that we have 
representatives as cycles in X which coincide. 

Let G{V) G Ext^fe/fc(Albx,LH) = Pic^ib;,(^) = Picx(^) be the algebraic 
group corresponding to OxisRi'D), where L/j := G^iJ^R) is the Weil restric- 
tion of Gui,R to k. The canonical 1-section of Ox(^r{1^) induces a rational 
map if'^ : X G(T'), which is regular away from S. If h E 0*~ for some 

q G C{k), then by |Rult Lemma 3.16] the local symbol {ip'^\g, h)g lies in the 
fibre of G{V) over G Albx, which is hn, and (v^'^lg, = {V-C, h)g. Then 




9e|div(/)| 

= n ^ic(^)"^^^'^ 

g6|div(/)| 

= n ^xip)""''''' 

pe|div(/)| 
= ^^(div(/)c)"' 

i.e. the expression depends only on the cycle div(/)c G Zo(X) in X. ■ 
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Proposition 2.6. There is a canonical pairing 

T'-Z" X ACH„(Jf,B) G„ 

(l.,[div(/M)^_^ = (p.C.[d.v(7)])^^^^ 

/or z G Ro(-^, OD) C Zo(X \ D) an(^ where ip^ is the rational map associated 
with T), i.e. induced by the 1-section of Ox®r{T^) (see Proof of Lemma \2. 5\) . 
The induced map J^^^^[R) — )■ Honicrp ( ACHo(X, Gm(-R)) is injective 
for all Re A\g/k. 

Proof. Since ACHo(X,L)) = lim^ ACHo(C, Dg) by Proposition [Tgl 
the pairing (?, ?)x,d can be defined by restriction to curves, using the pairing 
from Proposition 12.41 Due to Lemma 12. 5[ the definition of (T>, ^ ^ for 
K G ACHo(X, D) is independent of the choice of the representative (C, /) G 
7^o(-^;OD) of the cycle class k. The formula (P, [2;])^^ = '^'^[z)^^ was 
shown in the proof of Lemma 12.51 

Suppose {V,?)x,D = for I? G J^x'^niR)- Then {V ■ = for all 

curves C in X intersecting D properly. As is perfect, this implies 

P ■ (5 = for all C, hence V = 0. m 

From now on we assume that the base field k is countable, e.g. k = ¥q an 
algebraic closure of a finite field. 

Proposition 2.7. There is a (non- canonical) embedding of abelian groups 
C : Zo(X) ^ MX) := 1^ CHo(X, D) 

D 

withpoiCiz)) = [z] G CHo(X,D) forz G Zo(X) and all D with \z\n\D\ = 0, 

where '■ Zo(X) = ^inCHo(X, i?) — > CHo(X, is the canonical map. 

E 

The image of Zq{X) is dense in Zo(X). 

Proof. To z G Zo(X) there is a naturally associated family ([-zJx.d)^, £ 
l^m CHo(X, D). We have to show that this can be extended to an ele- 

D 

\z\n\D\=ei 

ment of Zo(X) = ^mCHo(X, D), compatible with the group structure. Since 

D 

Zo(X) is the free abelian group generated by {a; | a; G X}, we do this for 
these 1-cycles x G Zo(X) and extend by linearity. 
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By assumption k is countable and X is of finite type over fc, thus the set 
of effective divisors on X is countable. Let N — > PDiv(X), n i — y P„ be 
an enumeration of the set of prime divisors on X. As ioT E > D there is 
a map CB.o{X,E) — > CB.o{X,D), [z]x,e ' — > Nx,d, the element [z]x,d is 
determined by Thus it is sufficient to determine the values [z]n := 

[z]x,E„, n e N for 

n 

En := ^{n-i)Pi. 

Let E^^ := Yl^i=o ~ Pi be the divisor obtained from En by omitting 

all prime divisors P with \P\ fl \z\ ^ 0. Then obviously E^^ < E^. and 
[2;]^^ := [z\-^^jiz is determined by 2; G Zo(X). 

Now suppose [z\i is determined for all i < n. Then choose such that 

(a) [z]n^[z]^^ 

(b) [z]„ I > [z]n-l- 

Such an element [z]n € CHo(X, exists according to Lemma [1.91 (a) and 
(c), since by construction it holds [z]^^ 1 — > [z]nli < — 1 [-2]n-i- 

The compositions Pd o C • Zo(X) — > CHo(X, yield a compatible 
system of surjections, and 7^ ^imCHo(X, D) 3 0. This implies that the 

image of ( is dense in Zq{X), according to |RZ| Lem. 1.1.7]. 

The map ^ is injective, since ker(C) = f]j^Ro(X, = 0: For every 
7^ z G Zo(X) one finds a rational map ip : X G (e.g. G = Gm), 
defined on Supp(2;), such that <f{z) 7^ 0. But ip factors through CB.o{X,D) 
for D := mod{(p), according to Theorem 11.181 Hence z ^ Ro(X, D). ■ 

Remark 2.8. By left-exactness of the projective limit we have 

RiJ(X) := |imACHo(X,D) = ker (l^m CIlo{X , D) CHo(X)). 

D D 

Proposition 2.9. Let S be a closed subset of X and let Div y^''^^'^ be the 
subfunctor of Div y'^'^'^ of relative Cartier divisors with support in S. Then 
2j^5,o,red _ -pO,md ^ Ro(X)'^ = lim AC}Iq{X,D), where in both 

D ' D 
\D\CS \D\CS 

limits D ranges over all effective divisors on X with support in S . Then the 
pairing of Proposition \2.6[ induces a canonical pairing 
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If X = C is a curve, this pairing is perfect, yielding an isomorphism 

Proof. For V G DivT' (R), R a finite ring, let (f'^ be the rational map 
associated with V as in Lemma [2.51 Set D := mod{ip^). Then V G J^^''^'^'^ 



X,D 



by |Ru2| Lemma 3.17]. This shows Div y"''^'^'^ = lii^ -^x^i^- 

D 
|D|C5 

The expression (P, [2;])^^ = ip'^^z)'^ is independent of the choice of D > 
mod(v5'^), as the pairing is induced by the local symbol. 
Thus for V G Diy^yP'^^^iR) and k G Ra{XY we can define 

where D > mod{ip^) and p^ : R^^"^ = ^ ACHo(X, E) — y ACHo(X, D) 
is the canonical map. This is well-defined since for every curve C in X it 
holds T^''^'^ ■ C C T^'"'"^ = Ann ( Ro(C, D^)) , hence 



J-^f^^ = Ann(Ro(X,D)) 

with respect to (?, ?)x,s- 

If X = C is a curve, this pairing is perfect by Proposition 12.31 and it 

holds Mx)s = 1^ ACHo(x,D) = i^ ,,,n;;;[!::^.) = (n,.5^y /^*- 

■ 

Lemma 2.10. For the pairing Div y'^"'^ x Ro(X) — > Gm from Prop. \2.9\ it 
holds Ann (-T^xd'^) ~ 0' where D ranges over all effective divisors on X. 

D 

Proof. We have 



0,red 
■X 



Pi Ann [J'^'o) = Ann ( hm J-^f^'^) = Ann (d^ 

Let z = ^ kpi G Ro(X) with k G Z, G X. Then for V G Div^'^'^fi?) with 

\V\ r\\z\ = we have 

There are divisors Di G Div ^'^^'^ffc) such that ip^'{pi) ^ and (p^'{pj) = 
for all j 7^ i. Therefore z G Ann ^ Div ^'^'^'^j if and only if z = 0. As Ro(X) 

is dense in Ro(X) by Prop. \2.7\ this shows that Ann ^ Div " 



O.rcd 

Lx 
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2.2 Albanese Kernel 



Point 2.11. Let Lx,d be the affine part of the Albanese Albx.D of X of 
modulus D. The Abel-Jacobi map d of of modulus D induces a 
commutative diagram with exact rows 



-ACHo(X,D) 



a 1 







(k) 



■CHo(X)0 
-Albx(A;) 







0. 



Here a-ixo surjective by Corollary 11.191 According to |KS2[ Prop. 9, (1)] 
the map aix is surjective, and an isomorphism if the Neron-Severi group of 
X is torsion-free. Then by the Snake Lemma the map aj is surjective. 

In what follows we assume the Neron-Severi group of X is torsion-free. 

Proposition 2.12. Assume that the base field k is algebraically closed. 
The kernel of the quotient map 

aj|?o:ACHo(X,D)— ^Lx,d(A;) 

is given by the annihilator of J^x'^jf with respect to the pairing 
(?, ?)x,D : J^x!d X ACHo(X, D) from PropositionlM 

ker(ajf^) = Ann{j^^'-'). 

Proof. By construction of Albx,D = Alb^^, the Abel-Jacobi map is 
compatible with curves, i.e. the diagram 



CHo(C,Dg)0 



CEo{X,D) 



Albg (/c) 



Albx,D(fc) 



commutes, and hence so does the diagram 



ACHo(C,Dg) — Lg. (fc) 



ACHo(X,D) 
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Now Lg resp. Lx,d is the Cartier dual of ^^^^^ resp. ^xd^- Therefore the 
map aj^^^_ : ACHo(C, -Dg;) — ^ Lg^_^(/i;) is given by k ^ (?, where 
{'^,'^)cD- is the pairing from Prop. [2l3l AsACHo(X, is the inductive hmit 

of the L^,^ ACHo(C, Dq) (Prop. II. 8p and the pairing (?, ?)x,d from Prop. 12.61 
was constructed via restriction to curves, this shows that the map aj|?£, : 
ACHo(X, —7- Lx,d(^) is given by k i— i- (?,k)x.l>- Here (?,?)x,_d induces 
a perfect pairing J^xd'^ ^ ACHo(X, D)/ Ann (j^x d'^) — ^ ^^m, since the 
map J^x'^jf > — > Homcrp ( ACHo(X, D), Gm(?)) is injective by Prop. 12.61 
Thus Lx.oik) is isomorphic to the quotient ACHo(X, D) j Ann (^x^*^) • This 
imphes the statement. ■ 

Lemma 2.13. Assume that the base field k is countable and algebraically 
closed or finite. There is a smooth affine algebraic k-group Ax,d such that 

ACRo{X,D)=AxAk)- 

Proof. Step 1: Assume that the base field k is algebraically closed. 
We have ACHo(X,D) = Ro(X, OD)/ Ro(X, D) = RjJq/^oixTD), where 
Ro(X, D) is the completion of Ro(X, D) in Ro(X). By Proposition 12 . 9 1 there 

is a pairing Div ^'^^'^ x Ro(X) — )■ Gm, and f]^ Ann {J^x'^e^) = by Lemma 
I2.10[ where E ranges over all effective divisors on X. Thus there is a di- 
visor E > D such that rJ(X^) D Ann {J^x^it) ■ By Proposition [27721 
ACHo(X, i?)/ Ann (J^xs ) — Lx._e(^) carries the structure of an algebraic 

group. Let 'Kx,e '■ R-o(-^) — ^ ACHo(X, i?) — )■ Lx,£;(^) be the composition 
map. Then 

R«(X,£>) »,v,eR<,(A:,D) 

Now we have Ro(X, = Xlc '•(5*-'^o(^' -^c)' therefore it holds Ro(X, D) = 
Jim7rx,£;C( Ec''C*f^o(C',^c))' ^^us 

E>D 

TTx.sRoTx^) = 7rx,i,c($^^c*Ro(5,^c)) = 5^vrx,ijig,Ro(C,Dg) 

^ c ^ c 

where the sum ranges over all curves C that intersect D properly. For every 

such C the group Ro(C, Dg;) = ker ^Ro(C) — > Lg^^j is an affine group: 

Ro(C) = Jim^ 

D- projective limit of affine groups, hence an affine 
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group. The explicit description of from Point 12. II shows that Ro(C, D^) 

is reduced and connected. As the diagram 

commutes, the composition ttx.eI^c* ~ -^^^i-^'^c e~ ^ homomorphism 

of affine groups. Hence 71x,e /^cJ^^^^^ = Alb^^ vr^ ^_Ro(C, D^) is an 

affine group, and since vrg ^_Ro(C, Dg;) = ker(Lg^_ — > L^^^) is alge- 
braic, it is algebraic. For any finite set C of curves C that meet D prop- 
erly, the finite sum '^cee'^x:,E t'c^^^oiC, Dg) =: Sg is an affine algebraic 
subgroup of Lx,E- As is constructible, it is closed (see |Bort I, 1.3 
(c)]); since it is reduced, it is smooth; since it is in addition connected, 
it is irreducible. Then for any increasing sequence of finite sets of curves 
€i C ^2 C . . . C C„ C . . . the sequence {S^^j^gN terminates (for dimen- 
sion reasons). Hence there exist finitely many curves Ci, . . . ,C„ such that 

7ix,E^{X, D) = Xlj-Li '^^.^^ '•(5^-f^o(C'i! -Dg), which is hence an affine alge- 
braic group- variety. This shows that ACHq^X, D) = Lx,E{k) /Trx,E^o{^^ 
has the structure of an affine algebraic group-variety, in particular it is 
smooth. 

Step 2: For finite base field k, we make a base change to an algebraic 
closure k. Then the statement follows from Step 1 and Lemma 11.111 via 
Galois descent. ■ 

Corollary 2.14. If k is a finite field, then ACHo(X, D) is finite. 

Proof. ACHo(C,Dg) = Ag^_(A;) by Lemma [2.13[ which is finite if k is 
a finite field. ■ 

Corollary 2.15. There is a curve C in X such that ACHo(X, is a quo- 
tient o/ACHo ((5,1^5). 

Proof. Since ACB.o{X,D) = lii^ ACHo(Z, D^) by Lemma Ol then 
if ACHo(X, D) is finite, there are finitely many curves Zi, . . . , Zr such that 
ACHo(X,D) = ^21=1 i^z^^^'^'^oiZh D^J. Thus the curve C := ULi has 
the required property. ■ 
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Theorem 2.16. Let X be a smooth projective geometrically irreducible va- 
riety over a finite field k and D an effective divisor on X . Assume that the 
Neron-Severi group of X is torsion-free. Then the Abel-Jacobi map of X of 
modulus D is an isomorphism: 

aj^,B:CHo(X,D)°^Albx,D(A;). 

Leitfaden of Proof. Decomposing the Abel-Jacobi map a^ixD 
Point 12. m the theorem follows from the corresponding fact for the Abel- 
Jacobi map aix • CHo(X)'^ Albx without modulus due to |KS2| on the 
one hand, as well as from Lemma 12.131 in combination with the universal 
property of Albx,D- 

I break the proof down into several steps. 

Lemma 2.17. The relative Chow group with modulus is compatible with the 
action of the absolute Galois group of the base field k: 

CHo(X,D) = CHo(X,;D)^^i(^I'=) 
where k is an algebraic closure of k, X = X ®k k, D = D k. 
Lemma 2.18. There is a smooth algebraic group Gx,d such that 

CHo(X,D)0 = G'x,d(A;). 
Lemma 2.19. Gx,d — Albx,D; the isomorphism given by &ixD- 

which concludes the proof of Theorem 12.161 ■ 
It remains to prove the listed lemmata. 

Proof of Lemma 12.171 Let G = Gal(A;|A;), the absolute Galois group 
of k. Consider the following commutative diagram with exact rows: 

ACHo(X, D) CHo(X, D) CHo(X) 



ACHo(X, Df CHo(X, Df CHo(X)^ 

obtained from the functoriality of ACHo(?, ?), CHo(?, ?), CHo(?) for X ^ X 
via pull-back, and the left-exactness of the functor (V)*^. The assumptions 
on X imply that CHo(X)° = Albx(AO, according to jKS2l No. 10, Prop. 9 
(1)], and likewise_CHo(X)0 = A\hx(k) = (Alb_x ®fc = A\hx(k)- As 

Albx(A;) = AYhxiW, we have CHo(X) = CHo(X)^. Thus in order to show 
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that CHo(X, = CHo(X,D)*^, due to the Five Lemma it is sufficient to 
show ACHo(X, D) = ACHo(X, D)^, which is Lemma [nH ■ 

Proof of Lemma I^TTSl CRo(X,pf is an extension of CHo(X)° by 
ACHo(X,;D). Now CHo(X)0 = A\hx(k) and ACHo(X,D) = AxA^) for 
some smooth affine algebraic group Ax.d, see Lemma [2.131 Due to Lemma 
12. 101 there is a divisor E > D such that Ax,d is a quotient of Ijx,e, cf Proof 
of Lemma [2. 131 Let tt : Lx,e — ^ ^x,d be the quotient map. But CHo(X, D)^ 
is the push-out of CHo(X,E)° via ACHo(X,E) — ^ ACHo(X,D), and the 
last map factors through aj^^^ : ACHo(X,i?) — > Lx,Eik), thus the func- 
toriality map CHo(X,E)° — ^ CHo(X,D)° factors through Albx,B(^) = 
^JxB* CHo(X,£')°. We obtain the following commutative diagram 

ACHo(X, E) CHo(X, E)^ CHo(X)° 

^ Lx,E(k) ^ Albx,£;(^) ^ Albx(^) ^ 

AxAk) CRo(X,Df Albx(^) 

ACHo (X, D) CHo (X, Df CHq (X)° 0. 

Then the push-out Gx,d '■= ti"* Albx,£; = Ax^d e -^^^x,e of Albx,s via 
TT is a smooth algebraic group that satisfies CHo(X,i5)° = Gx,D{k). By 
construction and Lemma 12.171 it holds for every finite field extension l\k: 

Proof of Lemma 12.191 Let E > D he a divisor such that Gx,d is a 
quotient of Albx,^; as in the Proof of Lemma 12.181 Choose any base point 
xo G (X \ E)(k) and consider the maps -fx,E ■ (X \ E)(k) — > CHo(X,E)0, 
X I — > [x]x,E — [xo]x,E and 7x,_d defined analogously. According to the sand- 
wich from the Proof of Lemma I2.18[ 7x.z) factors as 



"/X,D 




(X \ E){k) ^ CHo(X, Ef A\hx,EW CHo(X, D) 

Gx,D(k) 
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where a^ix e ° 1x,e = ^^^x,e up to translation by a constant (cf. Cor. I1.19p . 
Since albx,E and p are morphisms of algebraic varieties, the composition 
'yx,D = p o albx.E is a rational map of algebraic varieties. Then by defini- 
tion, Gx,D ® k satisfies the universal property for the category Mr'"^(X, D), 
hence coincides (up to unique isomorphism) with the universal object of 
Mr^^{X, D), which is Alb^Tj = A\hx,D ® k. By construction, the isomor- 
phism between Gx.d® k and Albx,D A; is given by ajj^ k. Galois descent 
yields that ajj^ ^ : Gx,d Albx.z? is an isomorphism. ■ 

Corollary 2.20. Under the assumptions of Theorem \2.16[ CHo(X, is 
finite. 

Proof. CHo(X,L))0 = A\hx,D{k) by Theorem [2ll6l and this is finite 
when k is a finite field. ■ 

Corollary 2.21. Under the assumptions of Theorem \2.1b\ the pairing from 
Proposition \2.6\ is a perfect pairing (Definition \2.2\} . 

Proof. According to Proposition 12.61 and compatibility with Galois de- 
scent (Lemma 12. 17p the pairing 

J-^-;^" X ACHo(X,D)/Ann {j^^'^S") Gm 

is perfect. Ann (j-'^'^'^) is the kernel of aj^^^, : ACHo(-^, -D) » Lx.D^k) 

by Proposition 12. 12^ and this kernel is trivial by Theorem 12.161 ■ 



3 Reciprocity Law and Existence Theorem 

Let A; = Fq be a finite field, k an algebraic closure and X a smooth projective 
geometrically irreducible variety over k. Assume that the Neron-Severi group 
of X is torsion-free. Let 5* be a closed proper subset of X. 

The following theorem relies basically on Theorem 12.161 and on Lang's 
class field theory for function fields over finite fields, as described in [Se2j . 

Theorem 3.1 (Reciprocity Law). Let ip : Y --^ X an abelian covering 
of smooth projective geometrically connected varieties over the finite field k, 
unramified outside of S. Then there are an effective divisor D on X with 
support in S and canonical isomorphisms 

CH„(A-.Z))« Alb,v,o(t) e^K^i,^) 



'*.CH„(F,A-)° Alb<,Alby,Dr(*) 

where Gal(y|X) denotes the Galois group of the extension of function fields 
KyIKx. 
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Proof. The first isomorphism is due to Theorem 12.161 and functoriahty 
of Albx,D and CHo(X,D)0. 

Every abehan covering (which arises from a "geometric" situation, i.e. does 
not arise from an extension of the base field) is the pull-back of a separable 
isogeny H G via a rational map (f : X ---> G (see \Se2\ VI, No. 8, Cor. 
of Prop. 7]). Using the universal mapping property of the Albanese with 
modulus, there is a homomorphism g : AVox^d — ^ G such that (f factors 
as X Albx,D — > G, where D = mod(v?). Replacing if — ?■ G by the 
pull-back g*H =: Hy\x — > Albx,D, we may thus assume that : Y --->• X 
is the pull-back of a separable isogeny iY\x '■ Hy\x — ^ Albx,D- (Note that 
by definition D is the smallest modulus for ip in the sense of |Se2l III, No. 1, 
Def. 1].) The same arguments as for |Se2[ VI, No. 12, Prop. 11]^ show that 
the support of D is equal to the branch locus of ip, i.e. the locus of X that 
ramifies in F, hence is contained in S. We have Gal(y|X) = ker(iy|x)- 
The isogeny iY\x is a quotient of the "g-power Frobenius minus identity" 
p := Fg — id (see |Se2t VI, No. 6, Prop. 6]), i.e. there is a homomorphism 
hY\x '■ Albx.D — > Hy\x with p = iY\x ° ^y|x- Let X^ --->■ X be the pull- 
back of p : Albx,D — > Albx,z)- Then GaA{X£)\X) = ker(p) = Albx,D(^)- 

The universal property of Alby^^y implies that the map F Hy\x 
factors through alby^Dy '■ Y AVoy,Dy- Let Hx^yY be the fibre product 
of Albx,_D and Alby^D^ over iiy|x- Due to the universal property of the 
fibre-product, the commutative square 

Xd -Albx,D 



Y- 



Y\X 



factors as 



X 



D 



H 



Xd\Y ■ 



□ 



Alb 



X,D 



Y ■ 



■Alb 



Y\X- 



The functoriahty of Alhx,D yields a commutative square 



Y 



Alb 



Y,Dy 



X 



a\hx._ 



Alb,, 



Alb 



X,D 



^ The only point left to show is that ker (Lx,_e — > ^x,d), E > D is connected. This 
follows from the structure of the formal groups J^x'^d^ resp. ^x'^"^ and Cartier duality. 
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We obtain the following commutative diagram 
Yd ^ Alby,z?y 



Alby,i5 (fc) 




Albx,i3(A:) 



Ga/(y|X) 



Claim 3.2. jY\x ° hxo\Y = Alb^ 

Proof of Claim 13.21 As the diagram commutes, we have 

ivix hY\x 3y\x hxo\Y = Alb^ ^XdIy hxn\Y 
= P 3y\x hxo\Y = Alb^ p 

Now p := Fq — id commutes with polynomial maps defined over k = ¥g. 
Thus p in particular commutes with jY\x hxo\Y, i-e. we have 

jY\x hxo\Y P = Alb^ p 

and p is surjective (see |Se2l VI, No. 4, Prop. 3]). Hence jy|x hx^iv = 
Alb^, which proves the claim. ■ 

This yields the second isomorphism of the statement: 

Gal(XBlX) 



Gal(F|X) 



Ga\{XD\Y) ~ Gal(FD|F)/Gal(FD|Xfl) 
hyix A\hx,D{k) -- 

Alb^ Alby,i?y(A;)' 



jY\xhxD\Y Alhy^DYik) 



The following special case of Thm. 13.11 was already treated in its proof: 
Corollary 3.3 (Existence Theorem). There are canonical isomorphisms 
CHo(X,L')° = AlhxMk) = Gal(XD|X) 



where Xd X is the pull-hack of "q-power Frohenius morphism minus 
identity" p = — id : Albx,D — > Alb^.D- 
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Corollary 3.4. Taking the limit over all effective divisors D on X we obtain 
^CHo(X,L>)° ^ ]^Alhx,D{k) - Gal{Ki^\Kxk) 

D D 

where Gal (K^ | Kx is the geometric Galois group of the maximal abelian 
extension of the function field Kx of X. 

Corollary 3.5. Taking the limit over all effective divisors D on X with 
support in S we obtain 

^ CHo(X,D)0 = ^ AlhxAk) = 7rf(X\5)° 

D D 
Supp(D)c5 Supp(D)c5 

where 'rif^{X\S)^ is the abelian geometric fundamental group ofX\S which 
classifies abelian etale covers of X \ S that do not arise from extending the 
base field. 
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